ON CONJUGATE SPACES OF NAKANO SPACES

BY
SADAYUKI YAMAMURO

The Nakano space is a normed space. The relations between the modular
and its norms are the most important problem in the theory of Nakano spaces.
To determine the types of modulars whose norms are proportional has been
completely solved by Amemiya [1] and Yamamuro [1].

The purpose of this paper is to consider the relations from another point
of view, namely, as the relations between Young's inequality and Holder's
inequality. It is well known that the fundamental inequality in the theory of
normed linear spaces is that of Hélder, and, if we consider the conjugate
spaces of them, it is important to know when the Hélder’s inequality takes
equality sign. On the other hand, in the theory of Nakano spaces, the funda-
mental inequality is that of Young. Therefore, it is natural to study the rela-
tions between values at which the inequalities take equality signs.

This paper consists of three sections and two appendices. In §1, as
preparation to the following sections, we will restate without proofs some
results of Nakano [1]. In §2, we will show the equivalence of the reflexivity
of the modular and that of its norms. Concerning the reflexivity of norms,
Mori-Amemiya-Nakano's theorem [1] is fundamental and its proof is simple.
At first, by using this theorem, we will give a new and simple proof of Na-
kano’s reflexivity theorem of modular. Next, we will write a method by which
we can prove the reflexivity of norms by that of modular. This method has
been known among the group conducted by Professor Nakano, but has not
yet been published. In §3, we will calculate values of norms of a linear func-
tional which plays important roles in the theory of Nakano spaces. In con-
nection with the linear functional, we will give more information in Appen-
dix 1. In Appendix 2, we will consider strict convexity of modulars and their
norms.

1. NAKANO SPACES AND THEIR CONJUGATE SPACES

1.1. Semi-ordered linear spaces. Let R be a vector lattice in the sense of
Birkhoff [1]. Throughout this paper, we assume R is a universally continuous
semi-ordered linear space, namely, for any system of positive elements
xrn (NEA) there exists the “infimum” MNyea 2. The following definitions are
well known:

at =x\U0; = (—=x)t; |x| =gt 4+ 17

xly if |x| N |y| =0.
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For a sequence x, (v=1,2, - - - ), iff 0Sx; %= - - - and U2 x,=x then
we write 0=x, T2, %, and if x;2Zx2 - - - and N>, x,=x, then we write
x4 2, x. A sequence x, (v=1, 2, - - - ) is said to be order-convergent to x, if
there exists a sequence y, (¥=1, 2, - - - ) such that y,] 2,0 and Ixy-—xl
=y (v=1,2,--- )

For an element pER, we define a projector [p] as

[plx = U (x| p|) for every x = 0,
r=1
and [plx=[plat—[p]x~ (xER). This is a linear and idempotent operator
on R into R and | [p]x| élx (x&ER).

A set P of projectors is called an ideal, if (1) PS[0]; (2) If [p]EDB and
[p1=q], then [¢]€B; 3) If [p]lEB, [¢]EDB, then [p][¢]EP. An ideal is
said to be maximal, if there exists no ideal which contains P as a proper sub-
set. We use p, q, - -+ - to denote maximal ideals.

The set of all maximal ideals on R is denoted by §. For any [p], we put

U = {» € 5: [p]l €1}.

Then, by the neighborhood system {U[,,]}, & becomes a locally compact
Hausdorff space and each Uy, is open and closed.
For two elements x and @, we put

Ay = Utoa-"11t1 + Utoa—o)7 1107 (— o <A< =),

By this system of sets, we define

A it p e [ (Ange — 4

0
X
(_,,,)= to it pE II (W — 4V
a —w<A<o

—w if pE DY, A

—oe<A<oo

This function (x/a, p) is defined in Uy and almost finite (namely, finite in
an open set which is dense in Uy,)) and continuous in the extended sense.
Moreover we have

(S22 ) = a( S w) 82 0)
(7)) )
(22 ) o {20 ()

if the right hand sides have sense.

=1
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If ¢(p) is an almost finite, continuous function on Ul,;, there exists a se-
quence of projectors [p,] 1,2, [a] such that ¢(p) is bounded in Up,,

(v=1, 2, - - - ). The integral

is defined by the limit of the following partial sum:

i #(bu) [?r.n]a

ye=1
where p,E Uy, 1, 251 Utp, 0= Upp,y and
| o) — d(a)| <e

For this sequence of integrals, if there exists

lim $(p)dpa,
[amdd [py]
then the limit is denoted by
$(n)dpa.

Nakano's spectral theory asserts that

e (2

x =] ¢(p)dpe
[a]

and, moreover, if

for some function ¢(p) on Ul then

o(p) = (% n)

(pr q € U[Pv.p])'

0 € Uita))-

1.2. Nakano spaces. A real-valued function m(x) on R is said to be a
modular on R if it satisfies the following conditions: (1) 0=<m(x) <+ «;
(2) For any x there exist numbers a, 3> 0 such that m(ax) >0 and m(8x) < = ;
(3) For &, >0, we have m((a+8)/2x) < {m(ax)+m(Bx) } /2; (4) If |x| <]y,
then m(x) sm(y); (5) If x Ly, then m(x+y) =m(x) +m(y); (6) If 0=\ T ren x,
m(x) =suprea m(xx). We call such a space a Nakano space. Namely, the
Nakano space is a universally continuous semi-ordered linear space on which a

Jmodular is defined.
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It is clear that so-called Orlicz space Ly is a Nakano space with the modu-
lar

mzx) = f o]+ )at

Another important example of Nakano space is Ly, which is a set of meas-
urable functions x(¢) (0=¢t=1) for which there exists a number >0 such
that

m(ax) = f l | ax(t) [P(‘) dt < + oo,

Here p(¢#) must be a measurable function such that p(¢) =21 (0=t =1).
Let R be a Nakano space. We can define two kinds of norms:

1
the first norm: |l«]| = inf —-I——’f—(gﬁ ;
£0
1
the second norm: |||«||| = inf — -
me st | £|

These formulae have been given by Professor Amemiya. It is easy to show
that

/Il = {ld] = 20l[[ll
An element a is said to be simple, if m(a) <+ o and m([p]a) =0 implies
[pla=0. If m(x)>0 for every x50, then m is said to be simple. If m(ax)
<+ o for every a>0, x is called a finite element. If every element is finite,

m is said to be finite.
Let u([p]) be a function of projectors. We write

lim /‘([P]) = a,
[p]—p

if, for any €>0 we can find a projector [p] such that
lullgD) = a| <e

for every [¢] < [p] such that p&E U,. Nakano's spectral theory for modulars
asserts that the function

m([p]x)
w a =]
@l v) i m([p]a)

is well defined for YE Uy and it is an almost finite, continuous function. More-
over, if we consider m([pla) as a measure,

m([p)e) = f[ e, Dm(ae.
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w(ta/a, p) is denoted by w(f, a, ).

1.3. Conjugate spaces of Nakano spaces. Let ¢(x) be a linear (additive
and homogeneous) functional on R. ¢ is said to be universally continuous if
%x 4 rea 0 implies infrey |d>(x)\)| =0. The set of all such functionals are called
the conjugate space of R and denoted by R, which is also a universally con-
tinuous semi-ordered linear space, if we define ¢ =0 as ¢(x) =0 for every x =0.

Since the Nakano space is a normed space, we can consider norm bounded
functional. It is easy to see that a linear functional ¢ is norm bounded if and
only if

é(x) = v + ym(x) (*xER)

for some v>0.

The set of all norm bounded linear functionals % of the conjugate space
R is called the modular conjugate space and denoted by R». If m is finite, R
is the Banach’s dual.

R is a Nakano space with its modular:

(%) = sup {2(x) — m(x)}

for every &R,

2. REFLEXIVITIES OF MODULARS AND THEIR NORMS

In the sequel of this paper we assume that R satisfies the following con-
dition: If #[p]=0 for every £ER, then [p]=0.

2.1. Reflexivity of modulars. Mori-Amemiya-Nakano’s theorem is as
follows:

If a norm ||x|| on R which is compatible with order is universally semi-con-
tinuous (0 Sxx T aea x smplies ||x|| =supaea ||xl]), then

lall = sup | 2(x)]
u(®) <1;2€R
where u(x) = sup|a|s1 l @(x)|.

Since the norms defined by modular are universally semi-continuous, they
are reflexive. Our aim is to prove the Nakano’s reflexivity theorem of modu-
lars:

*) m(x) = sup {#(x) — (%)}

ZeR
by using the above Mori-Amemiya-Nakano's theorem. Namely, in this sec-
tion we assume the following conditions:

N1. ||| =SUp|i|zil1s1 | &#(x)| and |||2||] = suppeps1 | #(x)| are the first and sec-
ond norm of R™ respectively;

N2. |lx]| =supiiains: | #(x)| and |||x]|| =suppayar | 2(x)].

Putting
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ma(x) = N m(x)

for every positive number N\, we obtain a system of modulars on R. Let
l|x||x and |||x]||» be the first and second norms of s, respectively. Namely,

A 1
ol = inf 2" b = i

£>0 13 men = | £|
Then, we have the following properties:
€)) “x”x = inf A 4+ p)”lxIH,, for every X > 0.

p>0
In fact,
A A
el = inf 2" e e 2P e ok ol

(2) 0 ¢ p>0 m(¢z)<p IEI >0

m(x) = sup {”x“x - >\}.
A>0

We need only prove the inequality:
m(x) = sup {Hx”x -},
A>0
because the inverse inequality follows immediately from the definition of
Hx“x For any p>0 such that
p > [lafly — 2 A >0,
we have

p+A> ”x“x = sup |92(x)| .

[Hzli=t

Therefore, | &(x)| < (o4+N)|||#]||]r for every A>0, from which and (1) follows
that | #(x)| <||&||,. Hence it follows that |||x|||, <1, namely, m(x) <p. There-
fore the required inequality is obtained.

3) HEINE 51>1£) Il /A + 0) for every X > 0.
For any £>0 such that
&> sup [[all,/x + ),

we have

x
> |2
3

—-p for every p > 0.
P
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Therefore, by (2) we have A=m(x/£), namely, £2|||x|||, which shows the
inequality

ll«dllx = sup 3],/ + )

is true. The inverse inequality follows from (1).
Proof of the reflexivity(*). For any A >0 such that

A> sup {&(x) — m(@)},

ZeR™
we have
| #(x) | <\ + m(x).
Therefore, by our assumption we have
Hx”,, =2 +4p for every p > 0,
from which and (3) we have
[ll#]lly = 1, namely, m(x) = .
Hence the following inequality is true;

m(x) < sup {#(x) — m(@}..
ZER™

The inverse inequality is an immediate consequence of the definition of
n(%).

REMARK. The norms |||x|||x defined above satisfy the following three con-
ditions:

@) lllx+allln+)/2 =Max {|ll/[[x, lllylll,};

(2) If |||x]||x=0 for every A>0, then x=0;

(3) If xNy=0, then ||[x+y||ls=Max. {||l«]l], [/ly]ll,}, and for any
£>0 there exist N\, p>0 such that

Il + 3llle = Max. {[[[allls, [[21]],}.

Conversely, if on a universally continuous semi-ordered linear space there
exists a system of semi-norms which satisfies the above three conditions, we can
define a modular on the space.

2.2. Reflexivity of norms. The purpose of this section is to prove N7
(¢=1, 2) of the preceding section by (*). But, as may be seen by the proofs,
(*) is necessary only for N2.

0 ld = sup |4(@)]| = inf T 7¢I
m(z) S1 £>0
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To prove this, we make use of Theorem 6.4 of Nakano [3], which is, of
course, true in the case of R™. Put

; 1 + m(¢x)
0 £ ’

then, since af £14m(Ex) for any £>0, for any €>0 there exists xo€& R such
that

a=|ld| = in

#(x0) = a and m((1 — €jxp) = 1.
Therefore, we have
sl = sup [a)].
m@) =t
On the other hand, since
| £2(x) | < m(x) + m(E2) for every £ > 0,

we have

IIA

sup | #(x) | {1+ m(¢2)} for every £ > 0.

1
m(z) £1 I3

Hence it follows that
sup | #(x)| = 4.
m(z) <1
. 1

) llelll = sup [a(@)] = inf —

Wzl 51 menst | £

For any a>0 such that
a > sup lx(x)l,

[lzll =1

we have

—a@) | = 4] £ 1+ m),

[44

from which we have

w(c2) = mp {s - 51,

namely, |||#||| . Therefore we have

Il = sup. | 22) | .

On the other hand, if we put a=|||#]||, we have
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1
ml— %) =1,
a

<14 m(x) for every x € R.

and hence it follows that

— x(x)

Therefore we have

1
|= 5| = s,
(43

which shows that

sup I oZ(x)| = o
lzll =1

Thus we could prove the equality

3) ll«lll = sup [#(x)| and [|a] = sup |z()].
HEZTESt Iz =1

We can consider every element x as an element of xE€ [R"]", namely,
&(x) = xB(%) for every £ € R™.
The equality (*) shows that m(x) = [ ]~(xE). Since ({x)®=£xE, we have

14 m(gn) _ o 1 [m]~(£x®)

lell = inf — inf : = ||+,
and
1 1 -
el = _int 7= ot = el
Therefore, by (1) and (2), we have
lalll = sup |&(@)| and ol = sup [2@)].
Iz}l =1 NENTES

3. NORMS OF LINEAR FUNCTIONALS

3.1. Mazur’s functional. In the theory of Banach spaces, Mazur [1] has
proved that, if ||x|| =||y|| =1, then the limit:

1
¢:(9) = lim — ([ + nyl| — [[al])
150+ 1)

exists and the functional ¢, is bounded and linear. The purpose of this section
is to obtain an integral representation of the Mazur’s functional ¢.. In this
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section, we must assume that the modular spectrum w(§, a, p) is a differentiable
Sfunction of &.
Let m be finite and @ be a simple element. Then we have

_ a+ n[a]x _
/o) "”(‘ln'a‘““_+ n[a]le) '

for any element x=0. On the other hand,

fo) = f[ (50, ), 0, Dm(apo),

g ) = 1 +77<%’ ) / o,

hn) = |lla + nlalal]].
If we denote the right-hand derivative by D+, we have
Drw(g(n, ), a, p) = w(g(n, v), a, p) Dtg(n, p),

where

where
) 1
7"(57 a, p) = inf — {w(E + €, a, P) - w(E, a, p)})
0 €
and
1 x x
Drgla, ») = - ita (—, ») = DG (1 (S )}
h(n)? a a
Therefore,
0 = D*f(n)
- o (S5 ) ma
]l(‘l]) f[a]W(g(n, b)), ad B y pm pa)
= 0%t [ a(eto, ), o, gln, Wb}
[al
Let us assume |||al|| =1. Then, since h(n) =1, we have
PO a— 0,0 (5 9)mia
(77) =0 = 7r(1/a) [a]”' y @y P ° ) p) m( pa))
where

1
n(¢/a) = inf — {m((& + &)a) — m(ta)}.
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Thus we can state the following theorem:

THEOREM 3.1. If m is finite and the modular spectrum is differentiable, then,
for a simple element a such that |||a||| =1, the Magur's functional of the second
norm can be expressed by the following formula:

1
w(1/a)
and hence o ER™ and wmi(r(1/a)p,) =7(1/a) —1.

onls) = #(1, o, 9) (—x— n) m(dpa),
[a] a

REMARK. For the first norm, we can not apply the same method, because
m(x/ Hx“) is not necessarily constant. For example, if we take the sequence

space (1, 2, - - - ) of all sequences (£,) with
2 bl <+ e
y=1

for some a>0, then for the elements:

61=(1,0,"'); 82=(0,1,0,"');

& 1 v \"!
m|l—)=—(——)} .
el /v o —1
But, if m(x/||#||) is constant for every xER, such as L,-spaces, then it is
easily seen that the Mazur’s functional of the first norm coincides with that
of the second norm.

3.2. Norms of a linear functional of integral type. The linear functional
appeared in the preceding section:

aﬁ(x) = j‘[ ]7"(1: a, p) (% ) p) m(dpa)

plays very important roles in the theory of Nakano spaces. For example, by
the Theorem 39.1 of Nakano [1], if @ is simple and m((1+¢€)a) <+« for
some €>0, we have

we have

a®(a) = m(a) + m(ak),

namely, by the functional a®, the Young's inequality takes equality sign.
In the case of L,-spaces (p>1), putting its modular as

m(x) = %fol [ x(t) |1’dt,

since
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a®(x) = flx(t) I a(l) [P“ sign a(f)dt,

we have
[[a®![[[lelll = HlaZllI-llall = | a®(a)].

But in general cases, we can not have such good relations. For example, take
a Nakano sequence space I(fi, f2, * - - ) determined by the following functions:

1
[ =& f2(8) = ? £

and arbitrary f, (v=3). Then, for
a=(1,1,0,++:),
we have aE(a) =2 and
ol = 1 2l = @ = 1
o] = 1.5; la®ll = 1.
Therefore, ||aZ| - [[|a]|| |||aZ||-|all and a®(a) <Min {[|aZ]|-[[]a]|].||aZ|| ]|l }.

We will study in what cases we can have the equality relations. We begin
by a lemma which is an improvement of Theorem 6.4 of Yamamuro [2].

LeEMMA 3.2.1. Let m be finite and increasing:

... m(&a)
{lim

E— o

=+w’

then there exists a number a>0 such that
llaa]] = 1 + m(«a).

ProoF. By the definition of the first norm llal|, we can find a sequence
§& (w=1, 2, - - ) such that

1
(1) ell > 1+ mig e,

At first we will show that &' (=1, 2, - - - ) are bounded. In fact, if inf,;1 £, =0,
then for a sequence £, (u=1,2, - - - ) such that lim,., §,=0, we have

1 14+ m(&,a 1

=S (14 2 o) = 2,

E"n f"n Vu

which is a contradiction. Next, let sup,z1 £& =+ «. Then, for a subsequence
&, (u=1,2,--- ) such that lim,., &, =+, we have
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m(&,,a) < 1 4 m(&,0)

= 2[4,
&, I
which is also a contradiction, since
. m(f,‘,a)
lim =
e vy

Therefore, there exist 4, and 7. such that
0 < Y1 < Ev < 72,
and hence, we can find a sequence £, (w=1,2,---) and & such that

lim Ev,, =& and v = & = va.

”—')w
Since m(¢a) is continuous with respect to £>0, we have
L+ m(E,0) 1+ mtoa)
m = = |||
£y %o

As the converse inequality is a direct consequence of the definition of ”a“,
we have

li

p—®

1+ m(kea) = ||£oa].

REMARK. In general, such number « does not always exist. In fact, in the
spaces L and M, we can define modulars for which m(x) =||x|| =|||x||| for every
xER. (See Nakano [1, p. 184], and Yamamuro [1]).

THEOREM 3.2.1. If m(a)=1 and 14+m(a)=d(a), then d(a) =”d|]. Con-
versely, when M is finite and increasing, then

1 4+ m(ad) = ad(a) for some o > 0,
if |la|| = a(a) and m(a) =1.

Proof. If m(a) =1 and (a)+1=d(a), then by the definition of the first
norm, we have

llal =1+ ma) = ate) <|d,

namely, ||d|| =a(a). Conversely, if  is finite and increasing, then by Lemma
3.2.1, we have

d|d| = 1 + #H(ad) for some a > 0,
hence it follows that ad(a) =1+m(ad).
THEOREM 3.2.2. If m(a) =1, then
o] = aF(a) = n(1/e).
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Proof. Since 1+ (a¥) =a%(a), by the preceding theorem, we have || a®]]
=ak(a). On the other hand,

aF(a) = f L, 0, D) = x(1/0),

by Theorem 2.1 of Yamamuro [2].

THEOREM 3.2.3. Let the first norm of the conjugate space be strictly convex.
Then

la®]|{[]all| = oF(a),
if and only if

w(l/[P] m>/1r(1/[p]a) = constant for every [p] < [a].
Proof. Put ¢. = (a/|||a||[)®. Then

w0 = [ (o)) (G o)

and 14#(¢.) =¢a(a/|||a]|]). Therefore by Theorem 3.2.1, we have
ga(a) = || -l

If a®(a)=||aE]|-|||all, then, since the first norm of the conjugate space is
strictly convex, we have aa®=¢, for some a>0. Therefore,

1 1
r/Elo/lald = oo [ = (g ) )
[P] 5 [P]a .«
= o) = < G = i 70/

for every [p] < [a]. Conversely, for the number a such that

o= (ml—m / 121s) / #(1/1p))

RN (mam o) (5 0) i
« [ RO (— n) m(dpa)

= aa®(x)

we have
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for every xER, namely, ¢, =aak. Therefore, ||a®||-|||a||| =a®(a).

REMARK. If @ is a constant element (see Nakano [1, §55]), then
=((1/|l|alll)/ [pla)/x(1/[p]a) is constant for every [p]=<[a]. In the spaces
L, (p=1), every element is constant. In the Orlicz spaces Lg, for any elements
x, yE Lg, there exists a constant element a € Ly such that [a]x 0, [a]y>=0.

Next we will calculate the second norm of aZ.

LeEmMA 3.2.2. If 7(1/a) =1+m(a), then |||a®||| =1.
Proof. Since
lla] =1+ m(a) = v(1/a) = a®(a),
we have |||aZ||| = 1. On the other hand,
(a®) = a®(a) — m(a) = 1, namely, |||oF||| < 1.
LemmA 3.2.3. If 7(1/aa) =1+m(aa) for some >0, then ||a|| =7 (a/a).
Proof. Since
”aa” =1+ m(aa) = 7(1/aa),
we have ||a|| <7 (a/a). On the other hand, since
(aa)®(aa) = m(1/aa) = m(aa) + #((aa)F),
we have 7 ((aa)®) =1. Therefore,

l|aa] 2 (2a)F(aa) = x(1/aq).

THEOREM 3.2.4. Let the second norm of the conjugate space be strictly convex
and

w(1/aa) = 1 + m(aa)
for some a>0. Then
[Ila®l[[ [lel] = o#(a)
if and only if
w(e/[pla)/w(1/[pla) = constant for every [p] £ [a].

Proof. Let us assume that |||a’_*l||'”a||=a§(a)- Since (aa)®(a) =m(a|a)
=“a|[ by Lemma 3.2.3, we have

(@)% + a®)(a) = [[a]| + [|a]l-[lla®{l] = llall (Il Cxa) ][] + [IlaZ]]),
because, by Lemma 3.2.2, we have |||(ca)®||| =1. On the other hand, we have
(@@)® + aB)(a) < [lal|-[[|(e)® + oF]].

Therefore,
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[l(xa)® + aF{[| = [[[(xa) ]| + [[[<Z]ll,
hence it follows that
(xa)® = Ba® for some 8 > 0,

because the second norm of the conjugate space R™ is strictly convex. There-
fore,

w(a/[pla) = (aa)®([pla) = Ba®([pla) = Br(1/[p]a)

for every [p] < [a].
Next, let us assume

w(e/[pla) = Br(1/[p]a) ([p] = [aD
for some 3>0. Then, since (xa)®=Bak, we have
BlllaZ(l[ = [[[@a) (]| = 1, namely, [[[a%(]| = 1/8,

and
B = m(e/a)/x(1/a) = ||a||/aF(a).

Therefore we obtain a®(a) =|||a®||| -|a||.

REMARK 1. Even if m is strictly convex (see Appendix II), the number
a>0 such that ar(a/a) =1+4+m(aa) does not always exist. For example, take
a convex function f(£) such that

£2/2 if 0=¢t=1;
© = { . ’
2 —1/2 if £z 1.
This is a strictly convex modular on real line and, for any &, the equality

Eff(®) = 1+ f(®)

does not hold.
REMARK 2. Let r(£|a) be the left-hand derivative of m(£a). Then, if
||laal| =1+m(aa), we have

'r(a/a) < I+—m(aa) < r(a/a).

Therefore, if m(£a) is differentiable at «, then
7(1/aa) = 1 + m(aa).
REMARK 3. If m is strictly convex, then
[leal| = w(a/a)

for and only for « such that w(a/a) =1+m(aa).
Finally, we will introduce a different condition:

THEOREM 3.2.5. If m(a) =supjsp—1 m(x) and ||a| <1, then |||a®||| =a®(a).
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Proof. Since
i(a®) = a®(a) — m(a) = a®(x) — m(x)
for every xER, we have

swp [ 0P| S 0F(6) —ml@) + sup m(x) = o¥(a).
= 1
Therefore, |||aZ||| =aZ(a), since ||a]| =1.

ReEMARK 1. Therefore, if m(x/”x”)—constant for every x &R, which is
true in the case of L, (p21), we have |||a®||| =a®(a), if ||a] =1.

REMARK 2. Supjs—1 7m(x) =sup,.» {|||2l|| —7(%)}.

In fact, using the norm system of §2, we can prove that,

po = sup p= inf
IREIPESIE 2 =121,

where po=supj.y= m(x), and |||2/|| £||#], (¢ER™) if and only if

Wzl — 7@ < » for every & € Rm.

ArPENDIX I. INTEGRAL REPRESENTATION OF LINEAR FUNCTIONALS

In the sequel, let R be a universally continuous semi-ordered linear space
and a function u([p]) of projectors [p], be a countably additive measure,
namely,

(1) 0<p([p]) <+ for [p]=0;

2) w(lpl+laD =n(lp ) +ullg);

3) If [p] 1 21 0, then lim, . u([p,]) =0.

THEOREM A.1. For ZER and a € R, there exists an almost finite, continuous
Sfunction %.(p) on U, such that

#([plo) = f[ ,,](%’ n) %a(p)du

for every xER such that [x] < [a].

Proof. Let [x]<[a]. By a similar argument employed in the proof of
Theorem 36.1 of Nakano [1], we can prove that the limit:

#([pla)
o
%) = Im =S oD

exists for every p& Ul,; and %,(p) is almost finite, continuous in the extended
sense in Up,y. On the other hand, by Theorem 54.3 of Nakano [2], we have

#([p]%) (x ) .
= - f alC .
o 3ple) N 3 € Ve

Therefore,
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#[ple) (= )
[,,l]T,, ) <a ) n) %a(p),

from which it follows that

#([p]s) = f m(%’ p) Fa(p) dis.

In the case of Nakano spaces, we can have more precise information
about %, (p):

THEOREM A.2. Let R be a Nakano space and a be a simple element such
that m((14e€)a) <+ o for some €>0. Then, every ZER™ can be expressed as

#([pla) = f[ plvr(l, a, p)w(a, p) (% n) <a—x§ n) du

for every x such that [x] < [a]. Here,

m([p]a)
wl\a, = li )
( D) [zzl]r—n’v /J([P])

and

_ x
3 = ™ 1, a, - d .
50 = [ o1, 09 (50 ) miaso
Especially, in the case of u([p]) =m([pla) for every [p],

(o) = [ lt, 09 (—x— p) (% p) m(dpa).

Coalplo . [ &(pl) oF(ple)
fa(p) = lim — > = | P
B0 = m BD e {m[p]a) ,,([,,])}

Gt o (52)

ApPENDIX II. STRICTLY CONVEX MODULARS AND NORMS

Proof.

Let R be a Nakano space. A modular m on R is said to be strictly convex, if

m(g—lz_n x>=—;—{m(£x)+m(nx)} forg, 7> 0

implies £ =7. If m is strictly convex, then for any x>y, we have

m(ax + By) < am(x) + pm(y), a+pB=10a8>0.
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(See Nakano [1, §61].)
If m is strictly convex and

m(E) + m(x) = &(x),  m(E) + m(y) = i(y),
1 +
(@) + — {m@) + m)} (x 3 y),
x4y x4+ y
+(550) =m0 + (),

S n@ + )} = m(227), namely, 2=,

then x=7y. Because, since

Il
Ky

I\
§|

we have

THEOREM A.3. If m 1s strictly convex, then the second norm 1is strictly con-
vex. If, moreover, m is finite and increasing, then the first norm is strictly convex.

Proof. Suppose |||x+y]|| =|||*/|| +|||7]|| for some xER and yER. Putting
a=|lz+olll,  aar={llalll, aa=Illslll,

we have, since m is finite,

(e IR lllilll) - ’”<_—n|: jm) -

() + = () = =
am\ T M\ ) =« ay = 1,
AT/ ™ NI~

Therefore, aex =y, namely, the second norm is strictly convex.
Suppose ||x+v|| =||%|| +||y|| for some xER and yER. Then, by Lemma
3.2.1, there exist «>0 and >0 such that

laa]| = 14 m(ax) and |[|8y]| = 1 4+ m(8y).

and

Therefore,
1 1 B
o4 o] = = 4 2 )
@ B a B
a+p B o
= 1 — .
: ( +a+6m(ax)+a+ﬂm(ﬂy)>

On the other hand, by the definition of the first norm, we have



310 SADAYUKI YAMAMURO [February

IIA

o

b ) 1+<
a+ﬁxy "

Therefore we obtain

afﬁ(”y))'

b etpl=1+ ("‘6(+>)
atpg . 7 "ot TY)

hence it follows that

(-5 e+ 9) = e + ——miay
m|\—— (x+vy) ) = —— m(ax — m(By
a+B a+ B a+pB ’
namely, ax =8y. Therefore, the first norm is strictly convex.

REMARK 1. There are Nakano spaces with strictly convex modulars and
its conjugate modulars are not strictly convex. As the simplest example, the
Nakano space of real numbers with its modular:

1
-1 2F Osts),

2t — log & E>1

is strictly convex but not increasing. Therefore, its conjugate modular is not
finite, and so, is not strictly convex.

REMARK 2. Even if the norms are strictly convex, the modular is not
necessarily strictly convex. As the example, let us take a Orlicz sequence
space:

m(x) = 2 f(&) forx = (k1,62 )
vl
where
£ if 0=¢(=1;
& = {+oo if o> 1.

This modular is not strictly convex, but

= (k)

y=1
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